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Abstract

The aim of  this work is to identify the main characteristics of  GeoGebra resources for teaching the 
derivative.  For  this  purpose,  76  applets  were  analyzed according  to  five  variables  (derivative  schema, 
mathematical element, representation systems, actions and interactivity) and the influence of  the levels of  
the derivative schema on the rest of  the variables was also examined. The data reveal that most applets  
address  the  intra-  and  inter-levels  of  the  derivative  schema,  and  that  the  graphical  and  algebraic 
representation systems are the most frequently  used.  Furthermore,  at  the inter-level  of  the derivative 
schema, applets address more global properties of  the derivative and employ additional representation 
systems, enabling a greater variety of  actions than at the intra-level. However, the results suggest that 
GeoGebra offers few resources for working at the highest (trans-) level of  the derivative schema. The  
inter-level requires more extensive engagement with the remaining variables, and Fisher’s exact test was 
used to examine the influence of  the level of  the derivative schema.
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1. Introduction
The concept of  the derivative has captured the attention of  researchers in mathematics education in 
recent years. It is a concept inherent to advanced mathematical thinking that generates numerous learning 
difficulties (Fuentealba et al., 2023; Nurwanhyu et al., 2020; Sánchez-Matamoros et al., 2008). Moreover, 
the  overuse  of  algebraic  procedures  contributes  to  an  incomplete  understanding  of  the  derivative 
(Contreras de la Fuente et al., 2003).

Different approaches have been taken in an attempt to address these learning difficulties associated with 
the concept of  the derivative. Among them are the study of  students’ learning processes and the use of 
new technologies in the classroom. The first of  these approaches is framed within APOS theory, which 
aims to investigate the process of  assimilating the notion of  the derivative through the description of  
different levels of  understanding (action, process, object and schema). In fact, this framework has been 
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the focus of  numerous studies (Fuentealba et al.,  2019; Sánchez-Matamoros et al.,  2006), which have 
attempted to characterize the three levels that make up the derivative schema: intra-, inter- and trans-. 
With regard to the use of  new technologies in mathematics education, the use of  GeoGebra particularly  
stands out (Acikgul & Onuk-Keskin,  2025),  highlighting the need for teacher training and the careful 
supervision of  the available resources.  For this  reason,  Barreras et  al.  (2022) analyzed the GeoGebra 
applets designed for teaching the concept of  the limit of  a function, while Yao (2024) studied those that  
allow students to work on function transformations.

 In this study, we aim to analyze GeoGebra applets for teaching the derivative through five variables 
(mathematical  element,  derivative  schema,  representation  systems,  actions  and  interactivity),  with  the 
following specific objectives:

• To identify the percentage of  GeoGebra applets that promote the development of  each level  
(intra-, inter- and trans-) of  the derivative schema.

• To determine the proportion of  applets associated with each of  the categories of  the variables 
studied (mathematical element, representation systems, actions and interactivity).

• To study the influence of  the intra- and inter-levels of  the derivative schema on the rest of  the 
variables through Fisher’s exact test.

2. Theoretical Framework
APOS theory is an adaptation of  Piagetian ideas to the framework of  advanced mathematical thinking.  
The aim of  this theory is to describe how individuals modify and construct their cognitive structures 
during the learning of  a mathematical concept. To this end, different levels of  comprehension (action,  
process, object and schema) are established, through which individuals progress. The actions, processes 
and objects are organized into schemas, which, in turn, are structured into three levels: intra-, inter- and 
trans- (Arnon et al., 2014; Oktaç et al., 2019).

In particular, with respect to the concept of  the derivative, this cognitive structure (schema) has frequently 
been studied (Fuentealba et al., 2017; García et al., 2011; Trigueros et al., 2024). In fact, Sánchez-Matamoros 
et  al.  (2006),  conducted a study with Baccalaureate and first-year university  students involving activities 
related to the derivative, which allowed the characterization, to a certain degree, of  the intra-, inter- and 
trans-levels of  the derivative schema. Special relevance is given to Figure 5 (Sánchez-Matamoros et al., 2006, 
p. 92), in which the logical relationships among the different mathematical elements that form each of  the 
levels (intra-, inter- and trans-) of  the derivative schema are established. This result has subsequently been 
refined by Fuentealba et al. (2019), who proposed a new characterization of  the derivative schema based on a 
study with university students who had previous instruction in differential calculus.

On  the  other  hand,  GeoGebra  (Hohenwarter  et  al.,  2009)  has  become  a  fundamental  tool  in  the 
mathematical teaching-learning process in recent years. In fact, in a recent bibliometric study analyzing 301 
works from more than 60 countries published in Web of  Science-indexed journals between 2009 and 2023 
focused on the use of  GeoGebra in educational research, Acikgul and Onuk-Keskin (2025, p. 491) state  
that: “The fact that the number of  articles published in the last five years exceeds half  of  the total, and 
that these articles have received numerous citations, shows that interest in the use of  GeoGebra software  
in educational research has increased in recent years.”  To determine specifically how this tool is being 
used in the classroom, Yohannes and Chen (2021) reviewed articles published between 2010 and 2020, 
concluding that most studies were conducted at the Secondary Education level, where GeoGebra is most 
frequently used in mathematical contexts such as geometry and calculus. Furthermore, they found that  
most studies focused on the analysis of  student performance. Numerous works examine the development  
of  students’ competences and skills after using GeoGebra in the classroom (García et al., 2021; Romero & 
García, 2024; Rahman et al., 2025). In addition, the latter study proposed strategies aimed at promoting 
the proper use of  this software by instructors. 
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In general, the use of  new technologies supports the understanding of  mathematical concepts within the 
framework of  advanced mathematical  thinking,  particularly concepts related to calculus.  For example, 
Gavilán-Izquierdo et al. (2021) show that the use of  technology in teaching promotes the construction of 
the  derivative  concept,  as  it  allows more time for  reflection on new content  rather  than performing 
excessive  calculations.  Furthermore,  approaching  the  geometric  interpretation  of  the  derivative  using 
technological  resources  also  facilitates  learning  (Galindo-Illanes  et  al.,  2022).  Specifically  regarding 
GeoGebra, Caligaris et al. (2015) present this software as a highly useful tool for illustrating mathematical 
concepts such as limits, derivatives and integrals, whose graphical representation in textbooks is static and 
does not facilitate learning. Santos-Trigo et al. (2024) observed that the use of  GeoGebra is particularly  
valuable  for  learning  about  the  derivative,  as  it  allows  the  different  meaning  of  this  concept  to  be 
represented geometrically.  Nonetheless, the use of  new technologies is not the only resource used to 
promote understanding of  the derivative; APOS theory has also been frequently applied (Font et al., 2016; 
Fuentealba et al., 2023; Vega-Urquieta et al., 2014).

That being said, the greater use of  these technological resources in the classroom also entails the need for 
enhanced oversight and additional training for educators. In this regard, Barreras et al. (2022) analyzed 
GeoGebra applets designed for working on the limit of  a function. This research examined five variables 
(limit  type,  interactivity,  conceptual  image,  representation  systems  and  actions)  and  concluded  that 
interactivity and the use of  multiple representation systems enrich the understanding of  limits, as they 
promote actions across these representation systems, making their presence an indicator of  epistemic 
suitability (Pecharromán, 2013). Reinforcing the need to analyze available GeoGebra resources, Yao (2024) 
studied applets for working on function transformations, establishing guidelines for their selection and 
providing recommendations for developing new resources.

Finally, certain obstacles among instructors in using GeoGebra to develop their own applets have been 
identified, along with the stages of  the teaching-learning process in which these applets are implemented  
(Dubarbie-Fernández et al., 2025).

3. Methodology
In order to analyze GeoGebra applets designed for teaching the derivative, an exploratory and descriptive  
study was conducted (Leavy, 2017). 

3.1. Sample Selection

The  applets  to  be  analyzed  were  selected  through  intentional  sampling  (Creswell,  2002),  i.e.,  a 
non-probabilistic sampling method in which the elements of  the sample are chosen because they are  
relevant  for  addressing  the  proposed  objectives.  Specifically,  on  September  25,  2023,  a  search  was 
conducted in the GeoGebra Resources section using the following pathway:

Resources / Materials → Mathematics → Calculus → Diff. calculus → Derivative

Initially,  mimicking  the  process  of  an  instructor  searching  for  resources  to  enhance  teaching  of  the 
derivative, the first 100 applets were selected, excluding those that belonged to a group. In the next step,  
only applets targeting the Secondary Education and Baccalaureate levels were retained, which led to the 
exclusion of  24 applets. The excluded applets addressed the following content:
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Derivative of  functions with two variables
• Directional derivatives
• Partial derivatives
• Tangent line in 3D
• Tangent plane to a surface

Derivative of  a function of  a complex variable

Taylor polynomial

Frenet trihedron

Table 1. Contents of  the applets not selected

Below  is  a  GeoGebra  applet  that  was  discarded  because  it  addresses  content  inappropriate  for  the 
academic level being considered.

Figure 1. Example of  a GeoGebra applet that was not selected 
(https://www.geogebra.org/m/Wmkqhq3u)

As a result,  a  total  of  76 GeoGebra applets  for teaching the derivative  in Secondary Education and 
Baccalaureate studies were ultimately analyzed. Their contents are summarized in Table 2, and are closely 
related to the mathematical elements mentioned in Figure 5 (Sánchez-Matamoros et al., 2006, p. 92).

Contents Quantity

Geometric interpretation of  the derivative at a point (x=a) 33

Derivative operator: rules of  differentiation 10

Relationship between f′ and f″ and the extrema and inflection points of  f  (graphical representation) 7

Geometric interpretation of  the derivative (global perspective) and the derivative operator 
(representation of  f′ given f)

6

Derivative operator (rules of  differentiation) and graphical representation of   f  and f ’ 4

Derivative at a point as a limit of  the mean rate of  change 3

Necessary condition for f  to be differentiable at x=a (one-sided derivatives) 3

Sufficient condition for f  to be an increasing or decreasing function on an interval (a, b) 3

Derivative operator: if  the graph of  f  is a parabola, the graph of  f ’ is a straight line 1

Inverse of  the derivative operator: integration 1

Relationship between the derivative of  a function and that of  its inverse 1

Applications of  the derivative 1

Example of  a differentiable function with a discontinuous derivative (geometric interpretation) 1

Lagrange theorem (geometric interpretation) 1

Darboux theorem (geometric interpretation) 1

Table 2. Contents of  the applets analyzed
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3.2. Data Analysis

The selected GeoGebra applets were analyzed using five variables with a deductive approach, while the 
influence of  the derivative schema level was examined using Fisher’s exact test. 

The different categories considered in the study were established for all variables, along with the criteria  
applied for their classification. In particular, for three of  the variables (representation systems, actions and 
interactivity) the structure proposed by Barreras et al. (2022). However, in this study, two new variables are 
introduced, related to the concept of  the derivative and APOS theory, respectively. On the one hand, the 
mathematical element variable was examined to determine whether the applets facilitate the exploration of  
derivative characteristics at a pointwise or global level.  On the other hand, the applets were classified 
according  to  the  level  (intra-,  inter-  and  trans-)  of  the  derivative  schema that  they  promote  among 
students, based on the results of  Sánchez-Matamoros et al. (2006). We chose this characterization of  the 
derivative schema levels because, although it was refined by Fuentealba et al. (2019), the educational level 
of  the students in that study was higher than that considered in this research. 

The following table  shows the variables,  categories  and the criteria  used for  the classification of  the 
selected applets:

Variables Categories Criteria

Mathematical 
element
(Sánchez-Matamoros 
et al., 2006)

Pointwise
Local properties of  the derivative are addressed. For example, the 
geometric interpretation of  the derivative of  a function at a point 
x=a.

Global
The global properties of  the derivative are addressed. For example, 
the study of  monotony and the curvature of  a function in an interval 
(a, b).

Derivative schema
(Sánchez-Matamoros 
et al., 2006)

Intra-

Characterized by the identification of  an operative action linked to 
the derivative and the investigation of  its internal properties or 
immediate implications. There is no coordination with other 
procedures, and difficulties remain in associating it with other 
properties of  the derivative.

Inter-

The operation associated with the derivative is understood, relevant 
properties are identified, and it can also be coordinated with similar 
operations. However, these operations must be associated with 
contiguous mathematical elements. 

Trans-
Associations are established among the different elements of  the 
derivative schema with minimal restrictions and synthesis is achieved. 
Global properties not typical of  the previous levels are addressed.

Representation 
systems
(Barreras et al., 
2022)

Algebraic The algebraic expression of  the function and/or of  its derivative is 
included, and algebraic procedures are performed.

Graphical The function and/or an aspect associated with its derivative 
(geometric interpretation, derivative function, etc.) is represented.

Numerical
Numerical values are included. For example from points and/or their 
images, from the value of  the derivative at those points, or from the 
slope of  the tangent line to the function, etc.

Verbal A mathematic concept related to the derivative is expressed verbally. 
General descriptions of  the activities are excluded.

Actions
(Socas, 2007)

Recognition The derivative object is identified.

Internal 
transformation 

Transformations are performed (or can be performed) within a single 
representation system.

External 
transformation

The user can perform transformations between different 
representation systems.

Coordination Automatic updating of  a representation system when another system 
is modified.
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Variables Categories Criteria

Interactivity
(Roussou et al., 
2006)

Modifying elements Elements can be modified, such as the function or the point where 
differentiability is studied.

Controlling 
parameters

Parameters that provide relevant information can be modified. For 
example, the difference quotient in the geometric interpretation of  
the derivative.

Allows responses The user can enter a response and the applet provides feedback.

Table 3. Variables, categories and criteria for the applet classification

4. Results and Analysis
This section is  developed with two main focuses of  analysis  for the selected applets.  First,  a  general  
descriptive  analysis  is  presented,  in  which  all  resources  are  classified  according  to  the  variables  and 
categories described in Table 3.  The second part examines the influence of  the derivative schema on the 
remaining variables. For this purpose, the relationships between the derivative schema level and the other 
variables were analyzed using Fisher’s exact test (Agresti, 2002). 

4.1. General Analysis
4.1.1. Derivative Schema

To start, the applets were classified according to the level of  the derivative schema they promote. To do 
this, it was determined whether they promote an intra-, inter- or trans-level of  knowledge of  the derivative 
schema, based on the descriptions in Table 3 and Figure 5 (Sánchez-Matamoros et al., 2006, p. 92).

The results indicate that more than half  of  the applets analyzed (51.3%) develop the inter-level of  the 
derivative schema, followed closely by those that develop the intra-level (44.7%). Only 4.0% of  the applets 
promote the trans-level of  the derivative schema.

Figure 2. Example of  an applet that promotes the inter-level 
(https://www.geogebra.org/m/zXzreQ2H)

4.1.2. Mathematical Element

Another variable considered in this research is the pointwise or global nature of  the mathematical element 
associated with the derivative in each applet.

In this sample, 55.2% of  the resources are oriented towards pointwise mathematical  elements,  31.6% 
illustrate global mathematical elements and 14.5% promote neither local nor global elements. Most of  the 
latter (10 out of  11) are associated with the content  “Derivative operator: rules of  differentiation,” while one 
examines the content “Inverse of  the differential operator: integration” (see Table 2).
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Figure 3. Example of  the pointwise applet 
(https://www.geogebra.org/m/a3mqNbzD)

Finally, it should be noted that only one applet was identified that addresses both pointwise and global  
properties of  the derivative.

4.1.3. Representation Systems

This section focuses on analyzing the use of  representation systems in the applets that form part of  the  
sample. The analysis follows a similar approach to that of  Barreras et al. (2022), who studied applets for 
the limit of  a function.

In  a  preliminary  analysis  of  the  presence  of  each  representation  system,  graphical  and  algebraic 
representations are identified in a very high percentage (85.5% and 82.9%, respectively), followed very 
closely by the numerical  representation system (72.6%).  The verbal  representation system is  the least 
frequent, present in 28.9% of  the applets.

The number of  representation systems used simultaneously was also analyzed. 14.5% of  the applets employ 
a single representation system, most commonly algebraic, associated with the content “Derivative operator: rules  
of  differentiation”. The combination of  three representation systems occurs most frequently (42.1%), while the 
presence of  two and four systems occurs in similar percentages (23.7% and 19.7%, respectively).

Figure 4. Example of  an applet that uses only the algebraic representation system 
(https://www.geogebra.org/m/mZdF4eWG)

The following table shows the distribution of  applets combining two representation systems.
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Representation systems %

Algebraic and graphical 38.8

Algebraic and verbal 5.6

Graphical and numerical 44.4

Graphical and verbal 11.2

Algebraic and numerical 0.0

Numerical and verbal 0.0

Table 4. Combination of  two representation systems

For applets that combine three representation systems, the distribution is shown in the following table:

Representation systems %

Algebraic, graphical and verbal 6.3

Algebraic, graphical and numerical 87.4

Algebraic, verbal and numerical 0.0

Graphical, verbal and numerical 6.3

Table 5. Combination of  three representation systems

Finally, the following figure shows an applet in which all four representation systems are present.

Figure 5. Example of  an applet using four representation systems 
(https://www.geogebra.org/m/yMHwSGmZ)

4.1.4. Actions

Below we analyze the actions carried out between the different representation systems used in the applets.  
In an initial analysis of  this variable, it is observed that all the applets include the identification of  some 
element of  the derivative (recognition). On the other hand, the proportion of  resources in which internal  
transformations  are  performed  within  the  same  representation  system  and  in  which  different 
representation systems are coordinated is  identical  (77.6%).  Finally,  no applet  was identified in which 
external  transformations (or conversions) are carried out between representation systems. From these 
data, the following conclusions can be drawn:

• The only action that is  carried out in isolation is  recognition,  which occurs in 14.5% of  the 
applets analyzed.

• The four actions are never combined in a single applet.

• The combination of  recognition, internal transformations and coordination occurs in 67.1% of 
the resources analyzed in this study.
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Figure 6. Example of  an applet in which three actions are combined 
(https://www.geogebra.org/m/RF6XUG5U)

4.1.5. Interactivity

The final aspect analyzed is interactivity, for which the approach proposed by Roussou et al. (2006, p. 2) is 
followed. Initially,  93.4% of  the applets were found to be interactive, while the remaining applets are 
non-interactive.

Figure 7. Example of  a non-interactive applet 
(https://www.geogebra.org/m/vtRhhaag)

Below are the results obtained for different aspects of  interactivity, as considered in Table 3.

Interactivity %

Modifying elements 76.1

Controlling parameters 52.1

Allows responses 9.9

Table 6. Analysis of  interactivity

It should be stressed that this latter aspect of  interactivity (allows responses) always emerges in isolation  
and is associated with the content category “Derivative operator: rules of  differentiation”. Furthermore, the 
applets that implement a single aspect related to interactivity represent 62% of  the total, while the rest 
implement two aspects (modifying elements and controlling parameters).
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Figure 8. Example of  an interactive applet (modifying elements and controlling parameters)  
(https://www.geogebra.org/m/DMUVEm5P)

4.2. The Influence of  the Level of  the Derivative Schema

Based on the previously obtained data, the distribution of  the applets according to the level of  derivative 
schema promoted is as follows: intra- (34/76), inter- (39/76) and trans- (3/76). With the samples available 
from the intra- and inter-levels, we proceed to study the influence that these derivative schema levels have 
on the rest of  the variables considered.

4.2.1. Mathematical Element 

First of  all, we observe how the analysis of  pointwise and global properties varies according to the level  
of  the derivative schema.

Variable Categories Intra- (%) Inter- (%)

Mathematical element
Pointwise 61.8 51.3

Global 5.9 48.7

Table 7. Mathematic element variable according to the level of  the derivative schema

In  the  case  of  those  applets  in  which  the  intra-level  of  the  derivative  schema is  promoted,  a  clear 
predominance of  pointwise properties is evident. In contrast, in the applets that promote the inter-level,  
the  distribution between pointwise  and global  properties  is  more  balanced.  In  addition,  when global 
properties are addressed, the percentage is far higher in the applets that develop the inter-level. Fisher’s  
exact test confirms the existence of  a statistically significant dependence between these variables at any 
level of  significance. 

4.2.2. Representation Systems 

Analyzing the presence of  the  different  representation systems,  it  is  observed that  the  algebraic  and 
graphical systems constitute the majority of  the systems used in the applets that promote both levels of  
derivative schema, together with the numerical schema in the inter-level (Table 8). Comparing the results 
obtained at each level of  derivative schema, it can be seen that the graphical and numerical systems have a 
greater presence in the applets that promote the inter-level.

Variable Categories Intra- (%) Inter- (%)

Representation systems

Algebraic 82.4 82.1

Graphical 70.6 97.4

Numerical 50.0 82.1

Verbal 26.5 25.6

Table 8. Representation systems variable according to the levels of  the derivative schema
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If  we now study the number of  representation systems for each level of  the derivative schema, it  is  
observed  that,  in  both  cases,  the  highest  percentage  corresponds  to  the  combination  of  three 
representation systems (Table 9). On the one hand, a noticeable difference appears in the case of  the use  
of  a single representation system.

Variable Quantity Intra- (%) Inter- (%)

Representation systems

1 29.4 5.1

2 23.5 23.1

3 35.3 51.3

4 11.8 20.5

Table 9. Number of  representation systems according to the levels of  the derivative schema 

In this case, Fisher’s exact test does not show statistically significant evidence of  a relationship between 
the representation system variable and the level of  the derivative schema. However, regarding the number 
of  representation systems, this test confirms the existence of  a statistically significant association, with a  
significance level of  96%.

4.2.3. Actions 

Initially, let us examine the influence that the level of  the derivative schema has on the different categories 
of  the actions variable.

Variable Categories Intra- (%) Inter- (%)

Actions

Recognition 100.0 100.0

Internal transformation 61.8 92.3

External transformation 0.0 0.0

Coordination 61.8 92.3

Table 10. Actions variable according to the level of  the derivative schema

The previous table indicates that,  in applets targeting the inter-level of  the derivative schema, actions 
related to internal transformations and coordination are markedly more prevalent.

Variable Quantity Intra- (%) Inter- (%)

Actions

1 26.5 2.6

2 23.5 12.8

3 50.0 84.6

4 0.0 0.0

Table 11. Number of  actions according to the level of  the derivative schema

These data allow us to confirm that the combination of  three actions is the most frequently used at both 
levels of  the derivative schema. On the other hand, it can also be seen that the percentage of  applets in  
which only one action (recognition) is performed is far higher at the intra-level, while the implementation 
of  three actions has a greater presence at the inter-level. 

Finally, similarly to what occurs with the representation systems, the actions variable does not show a  
statistically significant dependence on the levels of  the derivative schema according to Fisher’s exact test, 
while the number of  actions shows a statistically significant association at the 99% level.
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4.2.4. Interactivity 

Among  the  interactive  applets,  there  is  the  following  distribution  of  the  different  aspects  analyzed, 
according to the level of  the derivative schema.

Variable Categories Intra- (%) Inter- (%)

Interactivity

Modifying elements 59.4 89.2

Controlling parameters 53.1 51.4

Allows responses 18.8 2.7

Table 12. Interactivity variable according to the level of  the derivative schema

It is observed that, at both levels, the modification of  elements is the category of  the interactivity variable  
with the  highest  percentage.  Furthermore,  it  is  interesting  to note  that  the  applets  that  promote the 
inter-level allow elements to be modified in a higher proportion, although this trend is reversed when 
considering the applets that allow responses. Finally, Fisher’s exact test identifies a statistically significant 
dependence between the interactivity variable and levels of  the derivative schema, with a 94% level of 
significance.

5. Discussion and Conclusions
Taking  into  account  the  characterization  of  the  levels  of  the  derivative  schema  obtained  by 
Sánchez-Matamoros et al. (2006), it was possible to verify that the large majority of  the GeoGebra applets  
consulted are designed to address the intra- and inter-levels. Thus, it can be inferred that GeoGebra does 
not offer a large number of  resources aimed at addressing the highest level of  comprehension (trans-) of  
the derivative schema.  It is therefore not surprising that more than half  of  the applets address pointwise  
properties of  the derivative and only about a third focus on global properties. However, one of  the most  
relevant aspects in relation to the mathematical element variable is that 14.5% of  the applets analyzed are  
devoted exclusively to the algebraic treatment of  the derivative (without addressing either pointwise or 
global properties). The use of  such resources fosters only a partial understanding of  this mathematical  
concept among students (Contreras de la Fuente et al., 2003). This, in turn, adds to the body of  research  
that  highlights  the  tendency  of  instructors  to  focus  on the  algebraic  treatment  of  the  derivative,  as  
observed among teachers in training (Vargas et al., 2020) and in studies concerning the differentiability of 
a function at a point (Dubarbie & García-Gallo, 2023).

On the other hand, the predominant representation systems are the graphical and algebraic systems,  
followed closely by the numerical system, while the verbal system is clearly the least used. In addition,  
the  combination  of  three  representation  systems  in  a  single  applet  is  the  most  common,  which  
contributes to enriching the derivative schema constructed by the students (Gavilán-Izquierdo et al.,  
2021; Sánchez-Matamoros et al., 2008). Finally, in those applets in which a single representation system 
is  used,  the  algebraic  system  is  primarily  associated  with  the  content  “Derivative  operator :  rules  of  
differentiation”.

With  regard  to  the  actions  described  by  Socas  (2007)  that  can  be  performed  between  the  different 
representation systems used for the treatment of  the derivative, it is noteworthy that none of  the applets 
examined implement external transformations (or conversions). This finding that had also been observed 
previously in GeoGebra applets designed to explore the limit of  a function (Barreras et al., 2022). As 
occurs  in  teaching  about  limits  (Ward  et  al.,  2013),  this  reveals  that  these  types  of  actions  between 
representation systems generate the greatest difficulties in the teaching of  the derivative. Furthermore, in a 
substantial  proportion  (67.1%)  of  the  cases,  the  simultaneous  presence  of  the  other  three  actions 
(recognition, internal transformation and coordination) was observed across the representation systems 
employed,  indicating  the  epistemic  appropriateness  of  these  resources  for  teaching  the  derivative 
(Pecharromán, 2013).
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Unlike the case of  applets used for teaching limits (Barreras et al.,  2022),  the vast majority of  those  
analyzed in  this  work are  interactive  (93.4%).  Among the  interactivity-related  aspects  considered,  the 
limited presence of  applets that allow users to provide a response and subsequently receive feedback is  
particularly  noteworthy.  All  of  these  are  associated  with  the  algebraic  representation system and the 
content area “Derivative operator: rules of  differentiation”.

It  is  therefore recommended that mathematics instructors who use GeoGebra to teach the derivative 
select applets in which the largest possible number of  representation systems is present, while avoiding 
those in which only the algebraic system is used. In this way, the presence of  a greater number of  actions 
between the representation systems is promoted, thereby contributing to ensuring the epistemic suitability 
of  the selected resources. On the other hand, it  is  also necessary to design applets that promote the 
development  of  the  trans-level  in  students,  which  is  characterized  by  a  deep  and  comprehensive 
understanding of  the properties of  the derivative, as well as the ability to establish coherent relationships 
among the various aspects related to this mathematical concept.

Regarding the influence of  the derivative schema level, it has been descriptively observed that addressing a  
higher  level  of  derivative  schema knowledge (inter-level)  requires  a  more  extensive  use  of  the  other 
variables  considered.  For  instance,  with  respect  to  the  mathematical  element  variable,  the  primary 
difference concerns the number of  global properties of  the derivative that are considered. With regard to  
the representation systems, the notable difference lies in the number of  systems used simultaneously at 
each level of  the derivative schema. In fact, it has been observed that at the intra-level the percentage of  
applets that present a single representation system of  the derivative is  far greater,  while the opposite 
occurs in the case of  the simultaneous use of  three or four representation systems.  As a result,  the  
combination of  three actions between the representation systems of  the derivative occurs more frequently 
at the inter-level, whereas the presence of  isolated actions is found almost exclusively at the intra-level. 
Lastly, with respect to the interactivity variable, it can be seen that the applets that allow responses are  
found primarily in the intra-level, and they are associated with resources in which the derivative is treated 
exclusively from an algebraic perspective. Finally, Fisher’s exact test has allowed us to conclude that the 
variables mathematic element,  number of  representation systems,  number of  actions and interactivity 
depend in a statistically significant manner on the level of  the derivative schema, which reinforces the 
influence that this variable has on the rest of  the variables considered. 

6. Recommendations
Based on the results obtained in this research, various lines of  work emerge. Specifically, given the limited 
number of  GeoGebra applets that support the exploration of  the trans-level of  the derivative schema, it is 
recommended  that  teacher  training  be  promoted  with  a  focus  on  the  design  and  development  of 
GeoGebra resources that foster the highest level of  understanding of  this mathematical concept. 

Likewise, in today’s digital age, the growing presence of  artificial intelligence across different areas of  the 
teaching and learning process  cannot  be ignored.  Therefore,  further  research is  recommended on its 
potential for generating resources that facilitate work at the trans-level of  the derivative schema. In fact,  
numerous studies have examined the applications of  ChatGPT in the field of  education, as demonstrated 
by the bibliographic review carried out by Ipek et al. (2023), as well as by studies on the development of 
calculus  concepts  using this  tool  (Urhan et  al.,  2024).  In addition,  comparative studies  could also be 
conducted on the use of  GeoGebra and other tools commonly used in mathematics teaching, such as 
Desmos. 

Finally,  another  aspect  that  has  received  less  attention,  but  is  equally  important,  is  the  design  of  
educational  situations  that  promote  the  development  of  the  derivative  schema  through  the  use  of  
resources  offered  by  GeoGebra.  Furthermore,  their  implementation  in  the  classroom  would  allow 
cognitive variables to be incorporated into studies on the learning of  the derivative using GeoGebra.
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